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Abstract— We investigate the power-efficient broadcast
routing problem using directional antennas. Our main
interest is in the case when antenna beamwidth becomes
very small. We consider asymptotic convergence properties
of previously known broadcast routing algorithms and
compare them with asymptotically optimal structures.

Algorithms and techniques to reduce total transmit
power using directional antennas—new and old—are in-
troduced and summarized. We also present a dynamic pro-
gramming solution to optimal beam assignment problem
in multi-beam adaptive antennas. Extensive perfomance
comparison results are also provided.

Index Terms— Mathematical programming, optimiza-
tion, broadcast, power efficient, routing algorithm, adhoc
network, directional antenna.

I. INTRODUCTION

The idea of using directional antenna in wireless com-
munications is not new. It has been already extensively
used in base stations of cellular networks for frequency
reuse, to reduce interference, and to increase the capac-
ity of allowable users within a cell [1]. However, the
application of directional or smart antennas1 to wireless
adhoc or sensor networks to reduce the transmit power
of each node and hence to achieve power-efficiency in
routing problem is relatively new. We consider all types
of directional antenna systems of interest in this paper
including switched beam or electronically steerable an-
tenna systems [2].

Both wireless adhoc and cellular networks are known
to be interference-limited [1], [3]. As a way to break-
through in capacity limit proven in [3] for omnidirec-
tional case, the use of directional antennas has begun to
draw a lot of attention recently. The potential benefits
of using directional antennas include range extension,
better spatial reuse, multipath diversity, interference sup-
pression, capacity increase, and data rate increase [4].

1Smart antenna is also known as phased array, adaptive array,
software radio antenna, intellegent antenna etc.

Therefore, if done correctly, networking with directional
antennas has great potential to provide significant en-
hancement over the one with omnidirectional antennas
in capacity, power consumption, and network lifetime.

Minimum power broadcast routing is still at the early
stage of development. While several broadcast/multicast
routing protocols have been proposed [5], they do not
consider energy consumption in the design parameters.
Publication of broadcast incremental power (BIP) al-
gorithm by Wieselthier et al. [6] brought significant
attention to this problem among the research community.

In this paper, we address power-efficient broadcast
routing problems using directional antennas. Our con-
tributions are: (i) present power reduction techniques for
different classes of antennas, (ii) investigate the asymp-
totic convergence properties of algorithms, and (iii)
demonstrate that various assumptions on the directional
antennas, which can be considered as being dependent on
the development stage of antenna technology, can heavily
affect the resulting routing structures.

The remainder of this paper is organized as follows:
In the next section, we briefly review the most relevant
previous work. In Section III, a brief background on
antenna model is provided. In Section IV, we present
and summarize various power-efficient algorithms and
techniques. In Section V, we discuss asymptotic behavior
of algorithms and asymptotic optimal structures are
introduced. Section VI summarizes our simulation results
and Section VII presents conclusions and future work.

II. RELATED WORK

Excellent general overview and surveys on smart
antennas can be found in [2], [4], [7]–[9]. Especially,
Ramanathan’s work [2] deals with several issues of using
smart antenna for adhoc networks, and argues that there
are many imminent possible practical usages of smart
antennas for adhoc networks even at a higher cost.

Most of the work in ad hoc networking with direc-
tional antenna have been concentrated on medium access



control (MAC) [10]–[14]. Other interesting topics in-
clude topology control problem with directional antennas
[15], [16] and capacity problems [3], [17], [18]. Energy
efficient unicast routing with directional antennas was
first introduced in [19]. In [20], two simple protocols
to reduce control overhead by local directional flooding
technique were proposed. [21] discusses modification to
DSR [22] for use with directional antennas.

Most closely related work to this paper includes
[23]–[25]. In [23], Wieselthier et al. first considered
adaptation of directional antennas to the well-known
Broadcast Incremental Power (BIP) algorithm, which
was originally developed for omnidirectional antennas.
Two algorithms called Reduced Beam BIP (RB-BIP)
and Directional BIP (D-BIP) were introduced in [23].
In [23], using adaptive array antennas (a class of smart
antenna) is implicitly assumed, because RB-BIP or D-
BIP algorithms require an unlimited number of antenna
patterns and no assumption is made on the sectorization
of beamwidth. RB-BIP algorithm is essentially same as
BIP except that, after the BIP tree is constructed, the
beamwidth of antenna is reduced to fit minimum possible
angle to cover all child nodes of each node. On the
other hand, D-BIP algorithm in [23] utilizes incremental
power—additional power required to reach another node
in the network—in the core of the algorithm while
building a routing tree.

A natural extension to BIP algorithm utilizing conven-
tional sectored antenna was presented in [24]. We will
conveniently call this algorithm Sectored BIP (S-BIP).
In S-BIP, minimum incremental power is calculated per-
sector basis, and the transmit power level is increased
only for the single sector with minimum incremental
power. Although the focus in [24] is limited to traditional
sectored antennas, arguments in [24] are directly applica-
ble to switched beam antennas. This reconfirmed that the
incremental power is a good choice for a decision metric
at each greedy decision process, which is applicable to
all classes of antennas.

In [25], we proposed a power-efficient broadcast rout-
ing algorithm which can be used along with switched
beam antennas to show that broadcast efficiency is a
viable decision metric. In addition, asymptotic behav-
ior, which is the main contribution of this paper, was
preluded.

III. ANTENNA MODEL

Many previous literature assume lots of different
models of directional antennas. Different, sometimes
inaccurate, assumptions make valid comparison difficult
and can possibly lead to inconsistent results. Also in

designing an algorithm, optimal structure can be different
depending on the used assumptions—one example is
D-BIP algorithm [23] which will be discussed later
in a greater detail in Section V-E. Therefore, a clear
description of assumptions on antennas used are crucial.
First, we introduce the class of antennas and later classify
what assumptions are used for each type.

A. Classification of Directional Antennas

Directional antennas can be categorized at the highest
level as conventional directed antennas (e.g., Yagi-Uda,
helical, horn, reflector, patch antennas, etc.) and elec-
tronically steerable or smart antenna systems. A smart
antenna is an antenna array system aided by smart DSP
and control algorithms designed to adapt to different sig-
nal environment. An antenna array is a spatial geometric
construction of antenna elements (e.g., linear, circular or
planar, etc.) whose outputs are combined, selected, or
weighted to enhance wireless system performance [26].

Main benefits of smart antenna are to improve the
wireless system performance through [27]: (i) beamform-
ing, (ii) space-time adaptive processing (STAP), and (iii)
diversity processing.

Smart antennas can be generally categorized as the
following types [2], [7], [9]:

1) Switched Beam Antenna (SB): Antenna beam pat-
terns are pre-defined. Weights for antenna elements
which produce the desired beam pattern can be locally
saved in memory and instantaneously switched.

2) Adaptive Array Antenna (AA): With this antenna
type, by maximizing the output signal-to-interference-
plus-noise ratio (SINR) or minimizing the mean squared
error (MMSE) using a training sequence, not only the
beamforming is made so that the main beams (lobes)
is directed to desired directions (boresight direction),
but also interferences can be actively cancelled by null
steering. If combining weights for elements are done
to maximize the signal-to-noise ratio (SNR) and null
steering capability is not assumed, then it is commonly
called a phased array (PA). The main lobe can still be
directed to any direction of signal-of-interest.

B. Models for Antenna Radiation Pattern

Radiation pattern of an antenna is angular dependence
of beam power measured at the same (far-field) distance.
An isotropic antenna has a spherical pattern due to
an ideal point source located at the center radiating
equally in all directions. An omnidirectional antenna
has a constant (circular) radiation pattern in a plane,
say, horizontal plane. A directional antenna has specific
directions where energy is concentrated [26].



The (power) gain G (θ, φ) of an antenna is the ra-
tio of radiation intensity to average intensity over all
directions. If no direction is specified, the gain usually
means the maximum gain value over all directions. Due
to the reciprocity theorem, all the gain and radiation
pattern characteristics are known to be same for both
transmission and reception [26], [27].

In adhoc networking community, two simplistic mod-
els for gain and antenna patterns are popularly used:

• Flat-top radiation pattern—This corresponds to an
idealized angular response such that the gain is
constant within the beamwidth and has no side lobes
[23]. In 3D, an antenna beam (lobe) has the shape
of a slice of pie. In this model, for a beam with
beamwidth θ in azimuth, the gain is defined as

G =
(

2π
θ

)
where θ ≥ θmin, (1)

where θmin is the minimum achievable beamwidth
determined by array length (aperture size) and
wavelength, which is basically a technology limiting
factor.

• Cone+Sphere radiation pattern—This model was
proposed in [2] and used in [13], [21] to account for
the effects of sidelobes. Note that within the cone,
the gain value is still constant. For details, readers
are referred to [2].

In practice, the gain is a function of elevation and
azimuth beamwidth, and usually approximated with the
following formula: [27]

G ≈ η
41000

θ◦HP · φ◦
HP

, (2)

where θ◦HP and φ◦
HP represent the half-power

beamwidths2 in elevation and azimuth angles in degrees,
and η denotes the radiation efficiency 0 ≤ η ≤ 1.

The Cone+Sphere model in [2] assumed granularity
in beamwidth as multiples of 10 degree. Because we
require arbitrary beamwidth in our derivation and for
easy comparison with earlier work [23]–[25], we will
use the flat-top radiation pattern in this paper. In general,
it is known that current technology can support up to
5◦ ∼10◦ beamwidth [14]. Analysis with other compli-
cated radiation patterns is left as our future work.

C. Assumptions on Antenna Systems

For the rest of this paper, we refer a sectored antenna
to denote either a conventional sectored or SB antenna

2As a unit for the beamwidth, we will use radian and degree
interchangably. For degree, we will specify with ◦ symbol as in
common practice.

whose sectors can collectively cover the whole 360◦

space. We assume the following regardless of antenna
types: (i) All input power to the antenna is converted to
radiated power e.g., η = 1 in (2). (ii) Antennas cannot
transmit and receive at the same time.

1) Sectored Antenna: By assuming the flat-top radia-
tion pattern, in case of sectored antennas, we inherently
assume ideally sectorized system with no inter-sector in-
terference. Furthermore, three sector alignment scenarios
are possible: (i) All antennas are aligned to a specific
direction (e.g., north) by a magnetic needle [21] within
each antenna and m-th sector of each antenna covers
a two dimensional plane over an angular region [(m −
1)2π

M ,m2π
M ), (ii) randomly oriented with angular region

[(m−1)2π
M +θi,m

2π
M +θi), where θi is a uniform random

variable in [0, 2π] for each node i or (iii) optimally
oriented by some optimization criteria. Antennas can be
re-oriented by mechanical or MEMS aided rotation or
electronically steered in case of switched beam antennas
[26]. For simplicity, we will consider only the first
scenario.

2) Adaptive Array Antenna: An adaptive array which
can form multiple main beams/lobes is called a multi-
beam adaptive array (MBAA) [14]; otherwise, if it can
form only a single beam, we will call it SBAA. With
a multiple beamforming network (combiner) within a
transceiver, a node can either simultaneously transmit or
receive multiple traffic. This is known as space-division
multiple access (SDMA) [27]. With an (M + 1)-element
array, it is possible to specify M1 directions of desired
signals (beamforming) and place M2 nulls in the direc-
tion of unwanted interferences (null steering) such that
M1 + M2 = M . This flexibility of an (M + 1)-element
array to be able to fix the pattern at M places is known
as the degree of freedom of the array [4], [9].

In broadcast or multicast routing, same messages need
to be sent to multiple destinations. Using directional
antenna, this can be achieved with multiple unicasts with
SBAA or a single multicast with MBAA. Note that in
multiple unicasts with SBAA case, it requires more delay
to contact every child node and multiple processing to
shift the beam, which require simple computations. On
the other hand, multi-beamforming with MBAA requires
more complex computations. Therefore, on average, we
assume the amount of power consumption is same in
both cases.3 Consequently, we can use the existing
antenna gain models.

3This may not be true with real antennas because of the effects of
sidelobes. But this is out of scope of this paper.



D. Transmission and Reception Modes

Due to path loss, the received power Pr (d) at d dis-
tance apart from a node transmitting with transmit power
Pt should be larger than receiver sensitivity threshold Ω
for correct reception [1], [2]:

Pr (d) =
PtGtGr

dα

(
λ

4π

)2

≥ Ω, (3)

where Gt and Gr represent transmitter and receiver
gains, respectively, λ is the wavelength, and α is the
path loss (attenuation) factor that satisfies 2 ≤ α ≤ 4.
For notational simplicity, we set Ω

(
4π
λ

)2 = 1 so that the
minimum required transmit power for correct reception
at a node d distance apart can be expressed as

Pt(d) = G−1
t G−1

r dα. (4)

Therefore, the larger the gain is, the smaller the required
transmit power.

Let’s assume every antenna has two transmission (TX)
and reception (RX) modes: omnidirectional and direc-
tional. We will put a prefix o-/d- to indicate the modes.
If a receiver listens in d-RX mode, due to reciprocity
theorem, the same gain as d-TX mode can be applied
and hence the required transmit power can be further
reduced, i.e., dα/G vs. dα/G2 assuming Gt = Gr = G.

In d-TX/o-RX mode, while receivers are more sus-
ceptible to interferences, transmitters do not cause much
interference to other nodes. In o-TX/d-RX, transmitters
induce lots of interferences to other nodes, but because
of directed listening, receivers are less affected. Hence,
we assume the performance of d-TX/o-RX and o-TX/d-
RX is same and, in fact, (4) do not differentiate these.4

Depending on the directivity of TX or RX mode, neigh-
bor discovery and scheduling becomes a challenging
problem. For example, with d-TX/d-RX mode, it has
the potential to increase the gain to G2, but scheduling
antenna beams to face each other at the same time
becomes a challenging problem [10], [14]. Also, with
increased range at the same power, new links can be dis-
covered with directional modes, which was not possible
with omnidirectional mode. In power-efficient broadcast
routing problem, the gain in antennas is usually used
to reduce the transmit power, not to increase the range.
Hence, we do not require the use of newly discovered
links. We assume that all links are discovered through
o-TX/o-RX mode and actual broadcast can be done in
directional modes.

4In reality, however, there are subtleties such as transmitter diver-
sity [12], [27] which make them different.

IV. POWER-EFFICIENT BROADCAST ROUTING

We have observed from previous research that power-
efficient algorithm design can bring up to 15∼20%
reduction in total transmit power over minimum weight
spanning tree (MST) [6], [28]. The achievable gain
by using smart antennas is much larger compared to
what power-efficient algorithms using omnidirectional
antennas can provide. Once smart antennas are used,
whichever algorithm we use for broadcast routing, it is
likely to improve power-efficiency due to large antenna
gain. However, because battery energy is such a precious
resource in wireless adhoc networks, it is still favorable
to have power-efficient algorithms.

A. Power Reduction Techniques

In this section, we present three approaches to exploit
beamforming capability of directional antennas in con-
junction with algorithms for omnidirectional antennas.
First approach is due to [23] and the following two are
our own contributions.

1) Beam Angle Reduction (RBA) with Single Beam
Adaptive Arrays: This technique was introduced in [23]
to explain RB-BIP algorithm. It assumes that a single
main lobe can be directed to any desired direction with
arbitrary beamwidth as long as it is larger than minimum
beamwidth θmin. Thus, this technique is suitable for
PA or SBAA antennas. Also, flat-top antenna pattern
and d-TX/o-RX operations were assumed. Clearly, this
technique is not limited to BIP but is extensible to
any tree construction algorithm. We apply this to MST,
BIP [6], EWMA [28], and GPBE [29] algorithms. One
example of this technique is presented in Fig. 1(b).

2) Beam Power Reduction (RBP) with Switched Beam
Antennas: In case every node is equipped with a SB
antenna, we can perform a conceptually similar opera-
tion as above. As mentioned before, we assume sector
antennas are aligned to a common direction. Once a tree
is determined, a SB antenna is imposed on top of every
node. In individual sectors where there is no child node,
no transmit power is assigned. If there exists at least one
child node, nonzero transmit power is assigned such that
all child nodes can be covered with minimum possible
power. We don’t need to consider beamwidth because it
is inherently determined by sectored antennas. In fact, it
is possible to further reduce the transmit power of each
node by rotating the sector of each node by a proper
angle. However, on average, the performance should be
similar and we do not consider this further. We assume
that the beamwidth of each sector can be as small as the
minimum beamwidth θmin in RBA case. Fig. 1(c) shows
an example of RBP operation on trees.



EWMA: totalpower=403103.388 lifetime=119.3405

(a)

RBA−EWMA, θ
min

 = 30ο, P
tx

(T) = 161643.2409

(b)

RBP−EWMA, Sector = 12, P
tx

(T) = 122636.2555

(c)

OBR−EWMA, θ
min

 = 30ο, P
tx

(T) = 94010.4729

(d)

Fig. 1. Illustration of power reduction techniques. N = 100 nodes are randomly distributed over 1x1 km2 region. Node locations and
assigned beam range and shapes are shown. (α = 2) (a) original EWMA tree (b) reduced beam angle RBA-EWMA (c) reduced beam power
RBP-EWMA (d) optimal beam reduction OBR-EWMA.

3) Optimal Beam Reduction (OBR) with Multi-Beam
Adaptive Arrays: As mentioned earlier, MBAA antennas
with (M + 1)-elements can support up to M main lobes
and null steering. Because we do not require null steering
in broadcast routing, let’s assume all degrees of freedom
are dedicated to beamforming M main lobes. With added
flexibility of MBAA, there should be a better way to
assign the beamwidth and range of each lobe.

Given a tree structure and a constraint on the number
of beams M , what is the optimal beam assignment so
that the total transmit power is minimized? Note that this
problem is different from the minimum power broadcast
problem which has been proven to be NP-hard [28] in
that a tree structure is already determined. Thus, the
total transmit power can be minimized by minimizing the
transmit power of each node. We can solve this problem
with a dynamic programming method.

Fig. 2. Illustration of dynamic programming setup for optimal beam
reduction.

Dynamic Programming Solution to Optimal Beam
Assignment Problem

Let a node s has n child nodes and label each
child node sorted in order by an angle from the
x-axis as {1, 2, . . . , n}. Let θmin denote minimum
beamwidth. From a reference starting line (see Fig. 2),
angles are measured and the corresponding angle is
{θ1, θ2, . . . , θn}, where θ1 = 0. The distances to the

parent node s are {d1, d2, . . . , dn}. Note that the values
of θi and di for 1 ≤ i ≤ n are dependent on the position
of the starting line.

First, let’s define Ci,j as

Ci,j =
[

minimum cost of covering θi to θj

with a single beam

]
(5)

= max {(θj − θi), θmin} · max
{
dα

i , dα
i+1, . . . , d

2
j

}
and find values for 1 ≤ i ≤ j ≤ n.
Then, define Bi,k as

Bi,k =
[

minimum cost of covering θi to θn

with less than k beams

]
= min

i≤l≤n−1
{Bi,k−1, Bl+1,k−1 + Ci,l} (6)

where Bi,1 = Ci,n. After initializing Bi,1 for 1 ≤ i ≤ n,
we can find Bi,k for 2 ≤ k ≤ M and 1 ≤ i ≤ n − 1.

This operation is repeated by letting the starting line
start at each angle of node 1 through n. Then, the optimal
solution with minimum transmit power is given by the
minimum value of B1,M for all starting lines. Finding
[Ci,j] requires O

(
n2

)
time complexity and finding [Bi,k]

requires O
(
n2k

)
time complexity. Because this opera-

tion is repeated n times for all starting lines, we get an
optimal solution to this problem with time complexity
O

(
n3M

)
. Recall that this is only for a single node and

hence this algorithm should be applied to every node in
the network. Therefore, this problem can be solved in
O

(
n3NM

)
time, where n denotes the maximum node

degree. Note that with M = 1, OBR reduces to RBA.

B. Algorithms Adaptive to Directional Antennas

Currently, there are not many algorithms for power-
efficient broadcast routing tree that utilize the beamform-
ing capability of directional antennas. The S-BIP [24], D-



BIP [23] and S-GPBE [25] are the algorithms we know
of natively designed for directional antennas.

In addition to these, other algorithms based on MST
for SB or AA antennas are possible. Note that MST
can be used equally well with directional antennas—
assuming Prim’s algorithm, the decision made at each
step is to choose the nearest node which has not been
included in the current connected component. Whether
SB or AA antennas are used, this decision does not
change and hence the resulting link structure is same.
The final structure of S-MST and D-MST will be identi-
cal to RBP-MST and OBR-MST, respectively. The only
difference is that beam assignment is done on the fly
while constructing a MST tree.

V. ASYMPTOTIC BEHAVIOR

Different assumptions on directional antennas can lead
to different optimal structures. In general, it is hard or
impossible to identify the optimal structure. However,
asymptotic optimal solutions in different scenario can be
easily identified by first looking at asymptotic behavior
of decision space. In this section, we investigate the
convergence properties when the path loss factor α
becomes large or beamwidth θmin becomes narrower and
corresponding optimal structures are investigated later.

A. Optimal Decision Space with Omnidirectional An-
tenna

It has been observed by others (see e.g., [28]) that
when the path loss factor α increases, both BIP and
EWMA algorithms converge to MST. In essence, the
main reason is that the cost of choosing longer links
becomes more expensive as α becomes large. Hence,
both algorithms tend to choose links with smaller trans-
mit power, which is in principle the behavior of MST.
Instead of general verbal explanation, if there is a way
to visualize the effect, it will be helpful to understand
this behavior. For this purpose, we introduce a decision
space concept which can provide insights by observing
the decision region of each algorithm and its asymptotics
of the simplest network configuration.

Let’s consider a simple network comprised of only 3
nodes S,A, and B. We initially assume that every node
is equipped with an omnidirectional antenna and later
will extend the results to directional case. The objective
is to broadcast the same message from source node S
to node A and B with minimum possible total transmit
power. Let’s assume the locations of node S and A are
fixed. The remaining node B can freely move around the
two dimensional plane with two degrees of freedom.

The distances between the nodes are defined as d1 =∣∣SA
∣∣, d2 =

∣∣SB
∣∣, and d12 =

∣∣AB
∣∣, and the angle

∠ASB = θ. To broadcast from node S, there are
four exhaustive cases: (S → B → A), (S → A → B),
(S → {A,B}), (S → A, S → B). This is illustrated in
order in Fig. 3, where each link and transmit range is
shown. In the first two cases, node B and A relay the
traffic for node S to reach the other node. We will call
this decision as multihop MHB and MHA, respectively.
The subscripts denote the relay node. In the third case,
by a single transmission to node A, node B can get the
message, which we will call broadcast advantage BA
following [6]. Fourth example corresponds to the case
when source S transmits the message to node A and
node B with two unicast transmissions, which we will
call 2U .

Depending on the location of node B, we determine
which decision requires minimum total transmit power
and mark the position as one of the four decision choices
{MHB ,MHA, BA, 2U} .

Fig. 3. (a) Multihop with relay B (MHB) (b) Multihop with relay
A (MHA) (c) Broadcast Advantage (BA) (d) Two unicast (2U ) .

Definition 1 (Decision space): A decision space D is
a partition of 2-dimensional plane into decision regions
each corresponding to four possible decision choices
{MHB ,MHA, BA, 2U}. A decision boundary ∂D sep-
arates each partition with others in the decision space.

The required total transmit power in each case is

PMHB
= (dα

2 + dα
12)

PMHA
= (dα

1 + dα
12) (7)

PBA = max {dα
1 , dα

2 }
P2U = (dα

1 + dα
2 ) .

Because P2U > PBA, we do not need to consider
P2U . The optimal route selection strategy (algorithm) for



minimum total transmit power5 is:

dα
1 + dα

12

BA
≷

MHA

dα
2 , if d1 < d2 (8)

dα
2 + dα

12

BA
≷

MHB

dα
1 , if d1 > d2. (9)

Using (8) and (9) and the law of cosines

d2
12 = d2

1 + d2
2 − 2d1d2 cos θ, (10)

we can derive the optimal decision region and its bound-
ary. Replacing (10) to (8) and (9) and letting r = d2/d1,
the optimal (normalized) decision boundaries ∂Dopt

satisfy6,

rα +
(
r2 − 2r cos θ + 1

)α/2 − 1 = 0, if r < 1 (11)

1 +
(
r2 − 2r cos θ + 1

)α/2 − rα = 0, if r > 1. (12)

For instance, when α = 2, ∂Dopt can be represented
with a pair of polar plots:

r = cos θ, if r < 1 (13)

r = 1/ cos θ, if r > 1. (14)

where radius r is a function of angle θ, i.e., r = r (θ).
This is illustrated in Fig. 4(a). In polar coordinates,
∂Dopt consists of a circle of radius r = 1

2 centered at(
1
2 , 0

)
and a line passing through the point (1, 0).

All figures of decision space hereafter will be con-
sistently colored: All BA region will be colored with
dark gray. MHA, MHB regions will be colored with
light gray. If exists, 2U region will be colored white.
All decision boundaries ∂D will be drawn with solid
lines and other auxiliary lines will be drawn with dotted
or dashed lines.

Note that BIP algorithm is based on the optimal
strategy and hence Dopt = DBIP .

Property 1 (Symmetry): Decision space is symmetric
around x-axis.

Property 2 (Duality): For a given angle θ, the deci-
sion space inside and outside of unit circle r = 1 is
reciprocal around a point on the unit circle. If a certain
decision is made over the range r1 ≤ r ≤ r2 for r1 < 1
and r2 < 1, then the same decision is made for the range
1
r2

≤ r ≤ 1
r1

.
For convenience, we will call the decision space

outside the unit circle centered at (0, 0) as a primal
region, and inside the unit circle as a dual region.

5Similar approaches have been taken by [30] and [6] but not used
in the sense to investigate asymptotic behavior as in this paper.

6Without loss of generality, it is enough to look at r > 1 region.
However, for completeness, the other region is also considered.

Also, if a node lies exactly on the boundary, then any choice can
be made, which is up to the algorithm designer.

(a) (b)

Fig. 4. (a) Optimal decision space, i.e., decision space for BIP
(α = 2) (b) Decision space for MST (α = 2, 3, or 4).

The decision space DMST for node-based MST can be
derived in a similar fashion.7 Here the decision criteria
is to choose two smaller links among the three possible
links

∣∣SA
∣∣, ∣∣SB

∣∣, and
∣∣AB

∣∣ . The decision boundaries
∂DMST consist of the following curves:

r = 2cos θ, if r < 1, |θ| >
π

3
r = 1/(2 cos θ), if r > 1, |θ| >

π

3
, (15)

r = 1, if |θ| <
π

3
which are shown in Fig. 4(b).

Notice that ∂DMST does not depend on α. This can
be easily understood if we consider Kruskal’s algorithm:
edges are first sorted by an ascending order of edge
weights, and edges are greedily picked from the smallest
one as long as they do not form a cycle until the graph
is connected. Because f(x) = xα for 2 ≤ α ≤ 4 is a
strictly monotonic increasing function of x, the choice
of edges by Kruskal’s algorithm does not change, and
hence the decision boundary does not change.

Note that the operation defined in EWMA transforms
∂DMST to ∂Dopt for 3 node case. Therefore two dif-
ferent algorithms BIP and EWMA produce the same
decision space. This is a limitation of decision space
concept, which comes from the fact that we consider
only 3 node configuration. Nevertheless, the usefulness
of decision space will be manifested in the following
sections.

B. Convergence to Node-based MST using Omnidirec-
tional Antennas

If the broadcast advantage property is considered in
calculating the total transmit power, we will call it
node-based MST; otherwise, we call it link-based MST.
For a node-based MST, the total transmit power is

7Derivation is omitted due to limited space.



P (TMST ) =
∑

i∈N

∑
j∈�i

max {Pij}, where �i de-
notes the set of child nodes of node i which is in a
node set N . On the other hand, the total transmit power
of a link-based MST is calculated as

∑
i∈N

∑
j∈�i

Pij .
Lemma 1: As α → ∞, ∂Dopt −→ ∂DMST , i.e.,

r −→ 1, if |θ| ≤ π

3
(16)

r −→ 1/(2 cos θ), if |θ| >
π

3
Proof: We will prove for r > 1 case only. The

other case, r < 1, can be proved similarly. From (12),
for |θ| > π

3 and r > 1, r2 − 2r cos θ + 1 > 1. Hence,

as α → ∞, both rα and
(
r2 − 2r cos θ + 1

)α/2
go to

infinity and the constant term 1 can be ignored. Thus,
r2 → r2 − 2r cos θ + 1 and therefore r → 1/(2 cos θ).
For |θ| < π

3 and r > 1, rewriting (12) as 1 + rα[(1 −
2
r cos θ + 1

r2 )α/2 − 1] = 0, since 1− 2
r cos θ + 1

r2 < 1, as
α → ∞, (1− 2

r cos θ + 1
r2 )α/2 → 0. Hence, 1− rα → 0.

Therefore r → 1 as α → ∞.
Corollary 1: The decision space for BIP algorithm

asymptotically converges to that of MST.
In other words, the optimal decision space, which is

also the decision space of BIP, converges to the decision
space of MST. Therefore, the decision space of MST is
asymptotically optimal when α becomes larger.

This lemma is illustrated in Fig. 5. Notice how
Fig. 4(a) is transformed to Fig. 4(b) as α → ∞. Coloring
of the decision space in Fig. 5 is for α = 32.8 We will
use this result later with beamwidth reduction.

Fig. 5. Convergence of optimal decision space to MST decision
space as α goes from 2 to 4, 8, and 32.

C. Optimal Decision Space with Flat-top Adaptive Array
Antenna Model

The properties of an optimal decision space when
we use directional antennas will be investigated in this

8Large values of α are shown purely for theoretical interest to
demonstrate the trends. In practice, 2 ≤ α ≤ 4 are considered.

section. The directional antenna model used here is
the flat-top, ideal angular response antenna with no
sidelobes. We do not consider the effect of sidelobes.9

Let’s follow the same analysis provided in the previous
section for omnidirectional antenna. Again, the source
S broadcasts messages to node A and B, where the
location of node A is fixed. There are still four possible
cases {MHB ,MHA, BA, 2U} and illustrated in Fig. 6.

Fig. 6. (a) Multihop with relay B (MHB) (b) Multihop with relay
A (MHA) (c) Broadcast Advantage (BA) (d) Two unicast (2U ) with
single beam or single multicast with multiple beams.

In this paper, we assume that, if not necessary, all
transmissions are made in d-TX mode with minimum
beamwidth θmin. All receptions are performed in o-RX
mode. Notice that for BA and 2U , additional beam-
forming is required: (i) for BA case, beamwidth needs
to be enlarged, (ii) for 2U case, source S can transmit
to A and B with two unicast operation or can change
beamforming with two main lobes, each directing to A
and B.

For a flat-top antenna pattern, using (1) and (4), the
total transmit power in each case is expressed as

PMHB
=

(
θmin

2π

)β (
rα + (1 + r2 − 2r cos θ)α/2

)

PMHA
=

(
θmin

2π

)β (
1 + (1 + r2 − 2r cos θ)α/2

)
(17)

PBA =
(

BW

2π

)(
θmin

2π

)
max {1, rα}

P2U =
(

θmin

2π

)β

(1 + rα) ,

where the beamwidth BW = max {θmin, |θ|} and β
satisfies

β =




0 for o-TX/o-RX mode
1 for d-TX/o-RX or o-TX/d-RX mode
2 for d-TX/d-RX mode

(18)

9In unicast routing, sidelobes generally imply interference to other
nodes. However, in broadcast routing, if a node is within the range
of a sidelobe (receive power is larger than receiver sensitivity in that
direction), it implies multiple reception, not interference.



Recall that θ is the angle from the positive x-axis to node
B and BW �= θ in general. Also, note that for o-TX
or o-RX mode, θmin = 2π, making the gain factors in
(17) equal to 1 and (17) degenerates to (7). By defining
PBA as above, we incorporate simple shifting of a beam
when |θ| < θmin, enlarging the beamwidth, increasing
the range and all combinations of these. As (17) and
(18) imply, clear specification on TX and RX modes
are critical for directional antennas. We concentrate on
d-TX/o-RX mode (β = 1) mainly for the purpose of
comparison with previous work in an equal setup.

Again, the objective is to mark each location among
the four strategies having the smallest total transmit
power. Without loss of generality, let’s consider primal
region (r > 1). In the primal region, PMHB

≥ PMHA
,

and we do not need to consider MHB case. For sim-
plicity, let’s assume the path loss factor α = 2 for now.
For other values of α, derivation can be done with minor
modifications, which we will defer to the readers.

Lemma 2: Within the angle |θ| ≤ θmin, the decision
space is identical to omnidirectional case.

Proof: If |θ| < θmin, PBA < P2U . Hence, we
need to compare BA and MHA. Also in this case BW
becomes θmin and each metric is same as omnidirec-
tional case except that a constant factor (θmin/2π)β is
commonly multiplied. Therefore, at each point within
this angular region, the same decision as in the omni-
directional case is made, which holds regardless of the
value of α and β.

Corollary 2: If the minimum beamwidth θmin > π,
the whole decision space with directional antenna is
same as omnidirectional case.

Consequently, we will consider only |θ| > θmin

region from now on. Decision boundaries ∂Dopt for AA
antennas are determined by comparing {MHA, BA, 2U}
and hence in general three curves collaboratively define
Dopt. However, if θmin > π

2 , P2U ≤ PMHA
. Thus, we

need to compare only BA and 2U and, hence, only one
boundary curve is enough. Therefore, for θmin > π

2 ,
θmin < |θ| < π, the boundary ∂Dopt is

r
BA
≶
2U

√
θmin

|θ| − θmin
. (19)

Property 3: If θmin > π
2 , as θ → θ+

min, r → ∞.
If θmin < π

2 and |θ| > θmin, all three decisions
{MHA, BA, 2U} play a role and three curves are re-
quired. By comparing MHA and 2U , we get

r cos θ
2U
≶

MHA

1
2
, (20)

which is a straight line x = 1/2. By comparing BA and
2U , we get the same equation as (19). Lastly, comparing

BA and MHA gives

(θ − θmin) r2 + 2rθmin cos θ − 2θmin

BA
≶

MHA

0. (21)

In summary, if θmin < π
2 , first find θ′ by solving θ′ −

θmin = 4θmin cos2 θ′. Then,

r =

{ −θmin cos θ+I1
(θ−θmin)

for θmin < |θ| < θ′√
θmin

|θ|−θmin
for θ′ < |θ| < 2θmin

(22)

where I1 =
√

θ2
min cos2 θ + 2θmin(θ − θmin).

Lemma 3: If θmin < π
2 , BA region is upper bounded

by the angle |θ| ≤ 2θmin.
Proof: If |θ| > 2θmin, PBA = |θ| r2 ≥ 2θminr

2 ≥
θmin

(
1 + r2

)
= P2U . Hence, 2U is always chosen.

Therefore, BA region is upper bounded by |θ| ≤ 2θmin.

Fig. 7(a)-(e) represent the optimal decision space for
different values of θmin. In each subfigure, as proven in
Lemma 2, observe that each region bounded by |θ| <
θmin is same as omnidirectional case. If θmin ≥ π

2 ,
there is an unbounded region where BA is advantageous
(see Fig. 7(a) and (b)). However, if θmin < π

2 , BA
region is bounded and its area is finite (see Fig. 7(c)-(e)).
These figures are self-explanatory and can visualize all
properties and lemmas mentioned before.

D. Convergence to Link-based MST using Flat-top
Adaptive Array Antennas

Note that as beamwidth gets smaller—which is the
region of our interest with directional antennas—the
portion of BA region becomes significantly smaller.
Fig. 7(f) is a “zoom-in” version of BA region in
Fig. 7(e). As θmin → 0, notice how quickly the BA
region vanishes from Fig. 7(e) and compare the resultant
optimal decision space with Fig. 4. The left half plane
of Fig. 4 is where broadcast advantage is most advanta-
geous. On the other hand, the same region in Fig. 7(e)
is now replaced with 2U . Without the BA region in
Fig. 7(e), this is the optimal decision space of link-
based MST. Due to space limitation, proof is omitted.
Therefore, link-based MST is asymptotically optimal as
θmin → 0.

This point can be even more emphasized when α > 2.
The BA region can be easily drawn within the angle
|θ| < θmin when α > 2 using Lemma 2—simply
consider the curves in Fig. 5 within the region. For
example, with α = 4 and θmin = 10◦, broadcast
advantage is virtually nonexistent.

Corollary 3: As θmin → 0, the total transmit power
converges to P(TMST ) → θmin

2π

∑
(i,j)∈TMST

Pij , where∑
Pij is the total cost of link-based MST.
We now revisit D-BIP algorithm.



(a) (b) (c)

(d) (e) (f)

Fig. 7. Optimal decision space (α = 2) with flat-top directional antennas with (a) θmin = 2π/3 (b) θmin = π/2 (c) θmin = π/3 (d)
θmin = π/6 (e) θmin = 10◦ (f) zoom-in version of BA region in (e).

E. A Closer Look at D-BIP Algorithm

In D-BIP algorithm [23], if there is no broadcast
advantage, then MH strategy is always chosen. When
the beamwidth is very small (say 1◦), the decision space
for D-BIP consists entirely of MH—imagine coloring
the whole space with light gray—except for an even
smaller BA region (for 1◦) than shown in Fig. 7(f).

Because BA region is negligible, almost always mul-
tihop decision is made and, in effect, the nearest node is
chosen at each step by the algorithm. With this operation,
a tour-like structure will be constructed—every node,
except the source and final node, will have an in-degree
and out-degree of 1. It is easy to imagine that the
(asymptotic) optimal solution with this operation will
be similar to traveling salesman problem (TSP) with
an exception: in a resulting tour, among the two links
connected to the source, the link with a larger cost
c is removed. Then, it will be the optimal solution
within their assumption (see Fig. 5(b) in [31]). Since
P(TMST ) ≤ P(TTSP ) ≤ 2P(TMST ) and P(TTSP ) −
c ≤ P(TBIP ), P(TMST ) ≤ P(TBIP ) + c. Considering
c 	 P(TBIP ), D-BIP algorithm will almost always
produce a tree with larger transmit power than MST.

This is due to different assumptions on directional
antennas: they did not consider the possibilities of mul-

tiple unicasts with a single main lobe (with a small
delay to rotate the beam) or a single multicast with
multiple main lobes. In practice, this is not necessarily
bad because it requires less frequent shifting of beams.
However, to minimize the total transmit power, the
multiple beamforming capability should be fully utilized
and careful assumptions should be made. Therefore, we
propose to modify D-BIP algorithm such that, at each
step of the algorithm, the notion of incremental power
should include not only the increase in transmit power
of previously assigned beam, but also the transmit power
of a new beam in other direction.

VI. NETWORK AND SIMULATION MODEL

In this section, we perform simulations using the
following model. Each node is equipped with direc-
tional antennas with flat-top antenna patterns. Within
a 1×1 km2 square region, the locations of nodes are
randomly generated according to a uniform distribution
and simulation results are for stationary network topolo-
gies. Transmit power is calculated assuming d-TX/o-RX
mode. If broadcast routing is designed to support d-
TX/d-RX mode, it should be divided by antenna gain
value again. α = 2 is used as a path loss factor. We
place no limit on the maximum transmit power Pmax as
in [6], [24], [28].
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Fig. 8. Comparison of reduced beam trees, N = 100 (a) reduced beam angle (RBA) algorithms (b) reduced beam power (RBP) algorithms
(c) optimal beam reduction (OBR) algorithms (d) Comparison of MST tree family (e) Comparison of BIP tree family.

Simulation results are summarized in Fig. 8. RBA,
RBP, and OBR algorithms are compared in Fig. 8(a),
8(b), and 8(c), respectively. Fig. 8(c) shows the curves
for different values of M = 2, 4, 8, and 20. In general,
the smaller the beamwidth, the smaller the required total
transmit power. Recall that RBA algorithms correspond
to OBR algorithms with M = 1. As M increases
for MBAA, the required total transmit power decreases
significantly. By comparing Fig. 8(a)-(c), we can observe
that the general behavior of MST and BIP is similar, and
so is the EWMA and GPBE.

The BIP and MST families of algorithms are com-
pared in Fig. 8(d) and (e). Here, average node degree of
each algorithm plays a crucial role in the performance of
each algorithm. As shown in Corollary 3, as beamwidth
becomes smaller, the required total transmit power lin-
early decreases for MST. Fig. 8(d) demonstrates that with
4 antenna elements (i.e., M = 3), we can get almost full
optimal performance when θmin ≤ 60◦.

For both SB or AA antennas, if θmin ≤ 60◦, which
is the beamwidth we are interested in when we use
directional antennas, MST performs best in all cases.
EWMA algorithm which performed best with omnidi-
rectional antennas performed worst, if we use directional
antennas. It is easily understandable because EWMA

is designed to take advantage of broadcast advantage.
However, as presented in the previous section, when we
use directional antennas, broadcast advantage is negligi-
ble for small beamwidths. In essence, highly directional
antenna converts the wireless links into virtual wired-
links and hence, MST becomes asymptotically optimal
as θmin → 0.10

VII. CONCLUSIONS

In this paper, we explored techniques to reduce the
total transmit power of broadcast routing trees for differ-
ent classes of directional antennas and provided a com-
parison study of the performance of various techniques
and algorithms through simulations. We introduced and
exploited the concept of a decision space and investi-
gated the asymptotic behavior of algorithms and their
corresponding optimal structures.

Our derivation emphasizes the fundamental role of
minimum weight spanning tree (MST) which has the
following advantages when used in conjunction with di-
rectional antennas: (i) it is distributable, (ii) out-degree of
each node is bounded, (iii) asymptotically optimal when

10Due to limited space, presentation on simulation results are
shortened. Interested readers are referred to [32] for full details.



the path loss factor becomes larger or the beamwidth
becomes smaller, (iv) in the practical angular span region
(0◦ ∼ 30◦) using directional antennas, MST provides the
best performance, and (v) the total transmit power as
well as the maximum transmit power are the smallest
among all trees, which gives an added advantage to
extend network lifetime [33].
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